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Let by be a bounded radial function and y = γ1y γ2y     γmy,
where each γjy j = 1    m is a real-valued radial function. For x y ∈ n
and x∗ ∈ m, we deﬁne the maximal singular integral along the surface y y
by
T ∗f x x∗ = sup
ε>0
∣∣∣ ∫
y>ε
f x− y x∗ − ybyy−ny ′dy
∣∣∣
Suppose that  is an H1 function on the sphere Sn−1 satisfying
∫
Sn−1 x′dσx′ =
0. We prove that T ∗ is bounded on Lpn+m 1 < p < ∞, provided the lower
dimensional maximal function
Mgx1 x∗ = sup
k∈
2−k
∫ 2k+1
2k
gx1 − t x∗ − tdt
is bounded on Lpm+1 for all p > 1. The result is an extension and improvement
of the main theorem in [S. Lu, Y. Pan, and D. Yang, Rough singular integrals
associated to surfaces of revolution, Proc. Amer. Math. Soc. 129 (2001), 2931–2940].
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1. INTRODUCTION
For n ≥ 2m ≥ 1, we let x y ∈ n x∗ y∗ ∈ m and let Sn−1 be the unit
sphere in n with normalized Lebesgue measure dσ = dσx′. Let x
be a homogeneous function of degree zero, with  ∈ L1Sn−1 and∫
Sn−1
x′dσx′ = 0(1.1)
where x′ = x/x for any x = 0.
Suppose bt is a measurable function on +. We denote b ∈ ν ν > 1, if
bν = sup
R>0
{
R−1
∫ R
0
btν dt
}1/ν
<∞
By Ho¨lder’s inequality, it is easy to see that L∞+ ⊆ ν ⊆ S if s <
ν < ∞. We denote b∞ = bL∞ . Let t be a real-valued continuous
function on +, we consider the following operators with rough kernels:
Tf x xn+1 = pv
∫
n
byy ′y−nf x− y xn+1 − ydy(1.2)
Tεf x xn+1 =
∫
y>ε
byy ′y−nf x− y xn+1 − ydy(1.3)
and the maximal operator
T ∗f x xn+1 = sup
ε>0
Tεf x xn+1(1.4)
where xn+1 ∈ 1 f are test functions, and y ′ = y/y ∈ Sn−1.
Two lower dimensional maximal functions with respect to the function 
are deﬁned by
µgxn+1 = sup
k∈
2−k
∫ 2k+1
2k
gxn+1 − tdt(1.5)
Mhx1 xn+1 = sup
k∈
2−k
∫ 2k+1
2k
hx1 − t xn+1 − tdt(1.6)
Let  ∈ LqSn−1 with some q > 1 and b ∈ L∞+. If t = tα α > 0,
Chen [Ch2] proved that both operators T and T ∗ are bounded in Lpn+1
for all 1 < p < ∞. Noting that both M and µ are bounded in Lp
if t = tα, α > 0. In [CF], Chen and Fan extended Chen’s result to
more general surfaces y y for which they merely require that µ is
bounded on Lp1 (see also [KWWZ]). On the other hand, if y ≡ 0,
T becomes the well-known singular integral operator which was initially
deﬁned in Caldero´n–Zygmund’s pioneering work [CZ] and later extensively
studied by many authors. Readers can see [Ch1], [F], [DR], [FP2], among
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numerous papers on this topic. It is known in [FP2], if y ≡ 0, that the
best size condition so far on  is  ∈ H1Sn−1, where H1 is the Hardy
space on the sphere. It should be noted that the space L log+ L, which
appeared in the original work of Caldero´n and Zygmund [CZ] and con-
tains Lq for q > 1, is a proper subspace of H1 on the unit sphere. Inspired
by the result in [FP2], very recently, Lu, Pan, and Yang obtained the fol-
lowing theorem.
Theorem A [LPY]. Let t be real-valued and continuously differen-
tiable on + and satisfy
t − 0 ≤ C tα(1.7)
for some α > 0 and small t, where C is a constant independent of t. Let  ∈
H1Sn−1 satisfy (1.1) and b ∈ L∞+. Then Tf is bounded on Lpn+1
for 1 < p <∞, provided that M is bounded on Lp2.
In this paper, we will extend the deﬁnition of T to higher dimensional
cases. Let t = γ1t     γmt be a curve on m, where each γjt
is a real-valued continuous function. For x y ∈ n, and x∗ y∗ ∈ m, we
deﬁne
Tf x x∗ = pv
∫
n
byy−ny ′f x− y x∗ − ydy(1.8)
Tεf x x∗ =
∫
y>ε
byy−ny ′f x− y x∗ − ydy(1.9)
Similar to (1.4), we deﬁne the maximal operator T ∗f = supε>0 Tεf . Also
we deﬁne the lower dimensional maximal functions M by
Mhx1 x∗ = sup
k∈
2−k
∫ 2k+1
2k
hx1 − t x∗ − tdt(1.10)
Clearly, we obtain the operators deﬁned in (1.2)–(1.4) and (1.6) by taking
m = 1. We will extend Theorem A to the case m ≥ 2, even under a weaker
condition b ∈ ν.
Theorem 1. Suppose that  ∈ H1Sn−1 satisﬁes (1.1). If M is bounded
on Lqm+1 for all q > 1, then for any ﬁxed 1 < p < ∞, T is bounded on
Lpn+m provided b ∈ ν with 1/p− 1/2 < min1/2 1/ν′.
For the maximal operator T ∗, we have
Theorem 2. Suppose that  ∈ H1Sn−1 satisﬁes (1.1) and b ∈ ν. If
M is bounded on Lqm+1 for all q > 1 then T ∗ is bounded on Lpn+m
for all p > ν′.
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The proofs of Theorems 1 and 2 combine ideas in [DR] and [FP2]. After
reviewing the deﬁnition of the Hardy space and giving some lemmas in
Section 2, we will present the proofs of Theorems 1 and 2 in Sections 3
and 4, respectively.
We remark that the Lp boundedness of M and its relevant operators
have been extensively studied by a number of authors. See [SW] for a survey
of results through 1978, and more recently [Wn, Ne, NVWWn1, NVWWn2,
NVWWn3, C1, C2, C3, CaW, Ca, DR, ChSt, CCVWW, and St2].
Throughout this paper, the letter C will denote a positive constant that
may vary at each occurrence but is independent of the essential variables.
2. HARDY SPACE ON THE SPHERE AND SOME LEMMAS
We ﬁrst recall brieﬂy the deﬁnition of the Hardy space H1 on the sphere.
Remember that the Poisson kernel on Sn−1 is deﬁned by
Pry ′ x′ = 1− r2/ry ′ − x′n
where 0 ≤ r < 1 and x′ y ′ ∈ Sn−1. For any f ∈ L1Sn−1, we deﬁne the
radial maximal function P+f x′ by
P+f x′ = sup
0≤r<1
∣∣∣ ∫
Sn−1
f y ′Prx′ y ′dσy ′
∣∣∣
The Hardy space H1Sn−1 is the linear space of all f ∈ L1Sn−1 with the
ﬁnite norm fH1Sn−1 = P+fL1Sn−1 <∞.
The space H1Sn−1 has an atomic decomposition (see [Co] or [CTW]),
which will be reviewed below.
A q-atom is an Lq 1 < q ≤ ∞ function ax′ that satisﬁes
suppa ⊂ {y ′ ∈ Sn−1 y ′ − x′0 < ρ for some
x′0 ∈ Sn−1 and ρ ∈ 0 1
}(2.1)
∫
Sn−1
ay ′dσy ′ = 0(2.2)
aq ≤ ρn−11/q−1(2.3)
From [Co] or [CTW], we ﬁnd that any  ∈ H1Sn−1 with the mean zero
property (1.1) has an atomic decomposition  =∑λjaj , where the aj ’s are
q-atoms and
∑ λj ≤ CH1Sn−1.
In the rest of this paper, for a nonzero ξ = ξ1     ξn ∈ n, we let
ξ/ξ = ξ′ = ξ′1     ξ′n and use ξ¯ to denote ξ2     ξn.
750 fan and zheng
Suppose n > 2 and a· is an ∞-atom on Sn−1 with suppa ⊆ Sn−1 ∩
Bξ′ ρ, where Bξ′ ρ is the ball in n centered at ξ′ ∈ Sn−1. Let
Fas = 1− s2n−3/2χ−1 1s
∫
Sn−2
as 1− s21/2y˜dσy˜
where y˜ ∈ Sn−2. Then, we have the following estimates for Fa.
Lemma 2.1. Up to a constant factor independent of a·, Fas is an ∞-
atom on 1. More precisely, there is a constant C which is independent of a·
such that
suppFa ⊆ ξ′1 − 2rξ′ ξ′1 + 2rξ′(2.4)
Fa∞ ≤ C/rξ′(2.5) ∫

Fasds = 0(2.6)
where rξ′ = ξ−1Aρξ and Aρξ = ρ2ξ1 ρξ¯.
Suppose n = 2 and that a· is an ∞-atom on S1 satisfying (2.1)–(2.3).
The center of the support of a· is ξ′ ∈ S1. Let
fas = 1− s2−1/2χ−1 1s
(
as 1− s21/2 + as−1− s21/2))
Similar to Lemma 2.1, we have
Lemma 2.2. Up to a constant factor independent of a·, fas is a q-atom
on , where q is any ﬁxed number in the interval (1, 2). The support of fa is
the interval ξ′1 − 2rξ′ ξ′1 + 2rξ′ with rξ′ = ξ−1Aρξ.
Lemmas 2.1 and 2.2 are Lemmas 2.1 and 2.2 in [FP1].
Fix a positive radial Schwartz function / on n such that /̂0 = 1 and
deﬁne /k by /̂kξ = /̂2kAρξ, where Aρ is the same as in (2.6). Let δ∗
be the Dirac delta acting on the x∗-variable. Then we have the following
Lemma 2.3. The maximal function supk /k ⊗ δ∗ ∗ f  is bounded on
Lpn+m 1 < p <∞, and the bound is independent of Aρ.
Proof. Since
/kx =
∫
n
/̂2kAρξeix ξdξ
we know that
/kx = C
∫
n
/̂2kAρξeix ξdξ
By a change of variables we have
/kx = 2−knρ−n−1/2−kρ−2x1 2−kρ−1x¯
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where x¯ = x2     xn. So by a standard argument,
sup
k
/k ⊗ δ ∗ f  ≤ CM1M ⊗ δ∗f
where M is the Hardy–Littlewood maximal function on x2     xn and
M1 is the Hardy–Littlewood maximal function on x1. The lemma is proved.
For any  ∈ L1Sn−1, we also deﬁne the maximal operator σ∗ by
σ∗f x x∗ = sup
k∈
∫
2k≤y<2k+1
byy ′y−nf x− y x∗ − ydy
Lemma 2.4. Let b ∈ ν. If q > ν′ and the maximal function M are
bounded on Lq/ν
′ m+1, then
σ∗fLqm+n ≤ CL1Sn−1fLqn+m
where C is a constant independent of  and f .
Proof. Using the spherical coordinate and Ho¨lder’s inequality we have∫
2k≤y<2k+1
 byy ′y−nf x− y x∗ − ydy
= C
∫ 2k+1
2k
t−1 bt
∫
Sn−1
y ′ f x− ty ′ x∗ − tdσy ′dt
≤ C
{∫ 2k+1
2k
t−1
(∫
Sn−1
y ′f x− ty ′ x∗ − tdσy ′
)ν′
dt
}1/ν′
≤ C1/νL1Sn−1
{∫ 2k+1
2k
t−1
∫
Sn−1
y ′f x− ty ′ x∗ − tν
′
dσy ′dt
}1/ν′

Let g = f ν′ . Then we have
σ∗f x x∗ ≤ C1/ν1
{∫
Sn−1
y ′My ′ gx x∗dσy ′
}1/ν′
(2.7)
where
My ′ gx x∗ = sup
k∈
2−k
∫ 2k+1
2k
gx− ty ′ x∗ − tdt
Now for any q > ν′ σ∗fν
′
q is bounded by
Cν′/ν1
∥∥∥{∫
Sn−1
y ′My ′ g·dσy ′
}1/ν′∥∥∥ν′
Lqn+m
= Cν′/ν1
∥∥∥∫
Sn−1
y ′My ′ g·dσy ′
∥∥∥
Lq/ν′ m+n
≤ Cν′/ν1
∫
Sn−1
y ′ My ′ gLq/γ′ m+n dσy ′
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Since gLq/ν′ = fν
′
Lq , to prove the lemma it sufﬁces to show that
My ′ gLpm+n ≤ CgLpn+m
for p = q/ν′, with C independent of y ′. For each ﬁxed y ′, choose a rotation
R such that Ry ′ = 1 = 1 0     0. Let R−1 be the inverse of R. For any
function g, we denote the function gR by gRx x∗ = gRx x∗ so that
gx− ty ′ x∗ − t = gR−1Rx− t1 x∗ − t. Let x = x1 x¯. Then
My ′ gpLpm+n
=
∫
m+n
(
sup
k∈
2−k
∫ 2K+1
2k
gR−1Rx− t1 x∗ − tdt
)p
dx dx∗
=
∫
m+n
(
sup
k∈
2−k
∫ 2K+1
2k
gR−1x− t1 x∗ − tdt
)p
dx dx∗
=
∫
m+n
(
sup
k∈
2−k
∫ 2K+1
2k
gR−1x1 − t x¯ x∗ − tdt
)p
dx dx∗
=
∫
n−1
∫
1+m
(
sup
k∈
2−k
∫ 2K+1
2k
gR−1x1 − t x¯ x∗ − tdt
)p
dx1 dx∗ dx¯
Let hx1 x∗ = gR−1x1 x¯ x∗. By the Lp boundedness of M, we have
that the last integral above is equal to∫
n−1
MhpLpm+1dx¯ ≤ C
∫
m+n
gR−1x x∗pdx dx∗ = CgpLpn+m
Obviously the above constant C is independent of y ′. The lemma is proved.
3. PROOF OF THEOREM 1
By the atomic decomposition of ,
Tfp ≤ C
∑ λjBjf p(3.1)
where
Bjf x x∗ =
∫
n
byy−najy ′f x− y x∗ − ydy(3.2)
with aj being an ∞-atom. Therefore, to prove the Lp-boundedness of Tf ,
it sufﬁces to show
Bjf p ≤ Cfp(3.3)
where C is independent of the atom aj .
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For simplicity in our argument, we denote aj by a and Bjf  by Bf .
Also without loss of generality we may assume that suppa is the ball
B1 ρ ∩ Sn−1, where 1 = 1 0     0.
Let Ik = 2k 2k+1; then
Bf x =
∫
n
byy−nay ′
∞∑
−∞
χIkyf x− y x∗ − ydy
=
∞∑
−∞
σk ∗ f x x∗
It is easy to see that σk ∗ fˆ ξ ξ∗ = fˆ ξ ξ∗σˆkξ ξ∗, where
σˆkξ ξ∗ =
∫
2k≤y≤2k+1
byy−nay ′e−iy ξ∗ e−iy ξdy
We have the following estimate on σˆk:
Lemma 3.1. There exist α > 0, β > 0 such that
(∗) σˆkξ ξ∗ ≤ C2kAρξα
(∗∗) σˆkξ ξ∗ ≤ C2kAρξ−β
where Aρξ is as in (2.6); C is independent of k ∈  ξ ξ∗ ∈ n+m, and
ρ > 0.
Proof. We will only prove the case n > 2 since the proof for n = 2 is
essentially the same (using Lemma 2.2 instead of Lemma 2.1).
For any ﬁx ξ ∈ n, we choose a rotation O such that Oξ = ξ 1 =
ξ 1 0     0. Let y ′ = s y ′2 y ′3     y ′n. Then it is easy to see that
σˆkξ ξ∗ =
∫
Ik
btt−1 e−iξ∗ t
∫
Sn−1
aO−1y ′e−itξ1 y ′ dσy ′dt
where O−1 is the inverse of O. Now aO−1y ′ is again an ∞-atom with
support in Bξ′ ρ ∩ Sn−1, since supp ay ′ ⊆ B1 ρ ∩ Sn−1. Thus we have
σˆkξ ξn =
∫
Ik
btt−1 e−iξ∗ t
∫

Fase−itξs ds dt(3.4)
where Fas is the function deﬁned in Lemma 2.1. By Lemma 2.1, with-
out loss of generality, we may assume that Fa is a q-atom with support in
−rξ′ rξ′ for q < min2 ν, where ν is the index for which b ∈ ν. It
is easy to see that As = rξ′Farξ′s is a q-atom with support in the
interval −1 1. Changing variables we have
σˆkξ ξn =
∫
Ik
t−1bt e−iξ∗ t
∫

Ase−it rξ′ξs ds dt(3.5)
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So by the cancellation condition of A, we obtain that
σˆkξ ξn ≤
∫
Ik
bt
∣∣∣ ∫

As{e−it rξ′ξs − 1}ds∣∣∣t−1 dt
≤ C
∫
Ik
btrξ′ξdt = CAρξ
∫
Ik
btdt
This shows
σˆkξ ξn ≤ C 2kAρξ
(
2−k
∫
Ik
btdt
)
≤ C 2kAρξ(3.6)
Using Ho¨lder’s inequality on (3.5), we have
σˆkξ ξn ≤ C
(∫
Ik
btq t−1 dt
)1/q
2−k1−1/qk ≤ C 2−k/q
′
k
where
k =
{∫
Ik
∣∣∣∫

e−it rξ
′ξsAsds
∣∣∣q′dt}1/q′ 
After a change of variables, it is easy to see that
k ≤ rξ′ξ−1/q
′
{∫

Âtq′ dt
}1/q′

where Â is the Fourier transform of A about the s-variable. So by the
Hausdorff–Young inequality, we have k ≤ Crξ′ξ−1/q′ .
This shows
σˆkξ ξn ≤ C rξ′ξ2k−1/q
′ = C2kAρξ−1/q
′
(3.7)
By (3.6) and (3.7), we have
σˆkξ ξn ≤ C min
{2kAρξ 2kAρξ−1/q′}(3.8)
Lemma 3.1 is proved.
Let 6j∞−∞ be a smooth partition of the unity in 0∞ adapted to the
intervals 2j−1 2j+1. To be precise, we require the following:
6j ∈ C∞0∞ 0 ≤ 6j ≤ 1
∞∑
j=−∞
6jt2 = 1 for all t
supp6j ⊆ 2−j−1 2−j+1
Deﬁne the multiplier operators Sj in n by
Sjfˆ ξ ξ∗ = fˆ ξ ξ∗6jAρξ
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Following the proof of Lemma in [DR], we decompose the operator
Bf  by
Bf  =∑
j
(∑
k
sj+k
(
σk ∗ Sj+kf
)) =∑
j
T˜jf(3.9)
By the Littlewood–Paley theory, for any q ∈ 1∞
T˜jfLqn+m ≤ C
∥∥∥∥
(∑
k
σk ∗ Sj+kf 2
)1/2∥∥∥∥
Lqn+m
(3.10)
310′
∥∥∥∥
(∑
k
Sj+kf 2
)1/2∥∥∥∥
Lqn+m
≤ CfLqn+m
Note that the operators Sj depend on the linear transform Aρ. But by
checking the proof of classical Littlewood–Paley theory (see [St1]), one
easily sees that the constant C in (3.10) and (3.10′) is independent of Aρ,
so that it is also independent of atoms. We now give L2 estimate of T˜jf .
By (3.10) and the Plancheral theorem,∥∥T˜jf∥∥22 ≤ C∑
k
∫
n
∫
m
σk ∗ Sj+kf y y∗2 dy dy∗
= C∑
k
∫
m
(∫
n
σˆkξ ξ∗6j+kAρξ2fˆ ξ ξ∗2
)
dξ dξ∗
≤ C∑
k
∫
m
(∫
Dj+k
fˆ ξ ξ∗2σˆkξ ξ∗2 dξdξ∗
where Dj =
{
ξ 2−j−1 ≤ Aρξ ≤ 2−j+1
}
. If j ≥ 0, by (∗) in Lemma 3.1,∥∥T˜jf∥∥22 ≤ C∑
k
∫
m
(∫
Dj+k
fˆ ξ ξ∗2
(
2kAρξ
)2α
dξ
)
dξ∗
≤ C2−2jα
∫
m
(∑
k
∫
Dj+k
fˆ ξ ξ∗2 dξ
)
dξ∗
= C2−2jα
∫
n+m
fˆ ξ ξ∗2 dξ dξ∗
which shows ∥∥T˜jf∥∥2 ≤ C 2−jαf2(3.11)
Similarly, using (∗∗) in Lemma 3.1, we have for j < 0∥∥T˜jf∥∥2 ≤ C 2jβf2(3.12)
Next, we estimate the Lp norm of T˜j .
Proposition. If for 1/q− 1/2 ≤ min1/2 1/ν′, then∥∥T˜jf∥∥Lqm+n ≤ C fLqn+m(3.13)
where C is independent of the atom a.
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Since Bf p≤C
∑
j
∥∥T˜jf∥∥p, we easily complete the proof of Theorem 1
by applying interpolation on (3.11)–(3.13). So it remains to prove the propo-
sition. Now by (3.10) and (3.10′), it sufﬁces to show that∥∥∥∥
( ∞∑
k=−∞
σk ∗ fk2
)1/2∥∥∥∥
Lq
≤ C
∥∥∥∥
( ∞∑
k=−∞
fk2
)1/2∥∥∥∥
Lq
(3.14)
for any arbitrary functions fk on n+m. But (3.14) is essentially
Theorem 7.5 in [FP2]. Here in the proof, we use the Lq boundedness
of σ∗af (Lemma 2.4) instead of the L
q boundedness of M˜f in the proof of
[FP2].
4. PROOF OF THEOREM 2
Similar to the proof of Theorem 1, we may assume that y ′ = ay ′
is an ∞-atom supported in B1 ρ ∩ Sn−1. Since Tf = ∑k σk ∗ f , for any
ε > 0 there is an integer k such that 2k−1 ≤ ε < 2k. So we have
T ∗f ≤ σ∗a f  + sup
k
∣∣∣∣ ∞∑
j=k
σj ∗ f
∣∣∣∣ = σ∗a f  + sup
k
Ikf 
By Lemma 2.4, we only need to prove the Lp-boundedness for I∗f  =
supk Ikf . Let δ and δ∗ be the Dirac delta functions acting on x and
x∗, respectively. Take a radial function ϕ ∈  n such that ϕξ = 1
when ξ < 1 and ϕξ = 0 when ξ > 2. Let Aρξ be as in (2.7). Let
ϕkξ = ϕ2kAρξ and 6ˆkξ = ϕkξ. Now
Ikf  = δ−6k ⊗ δ∗ ∗
∞∑
j=k
σj ∗ f + 6k ⊗ δ∗ ∗ Tf 
− 6k ⊗ δ∗ ∗
k−1∑
−∞
σj ∗ f = Ik1f  + Ik2f  + Ik3f 
Clearly, by Lemma 2.3∥∥∥sup
k
Ik 2f 
∥∥∥
p
≤ CTfp ≤ C fp(4.1)
Next,
sup
k
Ik3f  = sup
k
∣∣∣∣ ∞∑
j=1
6k ⊗ δ∗ ∗ σk−j ∗ f
∣∣∣∣
≤
∞∑
j=1
sup
k
6k ⊗ δ∗ ∗ σk−j ∗ f 
=
∞∑
j=1
jf 
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Each jf  is bounded in Lp because of Lemmas 2.3 and 2.4. By
Plancherel’s theorem
jf 22 ≤ sup
ξξ∗
∣∣∣∣ ∞∑
k=−∞
6̂kξσˆk−jξ ξ∗
∣∣∣∣
2
f22
Noting 6̂kξ = ϕ2kAρξ and the choice for this ϕ, by Lemma 3.1 we
have that for each ﬁxed ξ = 0∣∣∣∣∑
k
6̂kξσˆk−jξ ξ∗
∣∣∣∣ ≤ C ∑
2k≤2Aρξ−1
2kAρξ2−j ≤ C 2−j
where C is a constant independent of ξ ξ∗ and ρ. Thus jf 2 ≤
C2−jf2. By interpolation, we obtain an ε > 0 such that
jf p ≤ C2−jεfp
This shows the Lp-boundedness for supk Ik3f . Finally,
sup
k
Ik1f  ≤
∞∑
j=1
gjf 
where
gjf  = sup
k
∣∣δ−6k ⊗ δ∗ ∗ σk+j ∗ f ∣∣
By Lemmas 2.3 and 2.4 again, we have
gjf p ≤ C fp
On the other hand by Lemma 3.1,
gjf 2 ≤ sup
ξξ∗
∣∣∣∣∑
k
1− ϕ2kAρξ
∣∣∣∣2kAρξ−β2−jβf2
≤ C 2−jβf2 sup
ξξ∗
∑
2k>Aρξ−1
2−kβAρξ−β
≤ C 2−jβf2
Thus the boundedness of supk Ik1f  follows by an interpolation.
Theorem 2 is proved.
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